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Abstract 

The SU(3) lattice gauge theory is reformulated in terms of SU(3) prepotential harmonic oscillators. 
This reformulation has enlarged Sf/(3) ® U(l) ® U{1) gauge invariance under which the prepo- 
tential operators transform like matter fields. The Hilbert space of SU(3) lattice gauge theory 
is shown to be equivalent to the Hilbert space of the prepotential formulation satisfying certain 
color invariant Sp(2,R) constraints. The SU(3) irreducible prepotential operators which solve these 
Sp(2,R) constraints are used to construct SU(3) gauge invariant Hilbert spaces at every lattice site 
in terms of SU(3) gauge invariant vertex operators. The electric fields and the link operators are 
reconstructed in terms of these SU(3) irreducible prepotential operators. We show that all the 
SU(3) Mandelstam constraints become local and take very simple form within this approach. We 
also discuss the construction of all possible linearly independent SU(3) loop states which solve the 
Mandelstam constraints. The techniques can be easily generalized to SU(N). 



1 Introduction 



The reformulation of gauge theories in terms of gauge invariant Wilson loops and strings carrying 
fluxes of the corresponding gauge group is an old problem in quantum field theory [2 [51 [21 [H O [S] . 
The motivation to go from colored gluons and quarks to colorless loops and string degrees of freedom 
comes from the expectation that the latter framework is better suited to analyze and understand long 
distance non-perturbative issues like color confinement in QCD. Infact, the lattice formulation of gauge 
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theories was a step in this direction where one directly works with hnk operators (instead of gauge 
connections) which create and destroy abehan or non-abchan loop fluxes on lattice links. However, 
the two major obstacles in this loop, string approach to QCD are the non-locality and proliferation of 
loops and string states [J. The non-locality is obvious as the loops and strings can be of any shapes 
and sizes. The problem of proliferation exists because the set of all Wilson loop states forms a highly 
over complete basis. This is because not all loop states are mutually independent (see section 3.3 and 
4.6). Their relationships are expressed by the Mandelstam constraints. The Mandelstam constraints, 
in turn, are difficult to solve because of their non-locality (section 3.3 and 4.6). Therefore, it is 
important to explore new descriptions of QCD where the loop, string states and their dynamics as well 
as the associated Mandelstam constraints can be analyzed locally. As shown in [8, 9J, the prepotential 
approach to lattice gauge theories provides such a platform. More precisely, this approach allows us 
to analyze and solve the Mandelstam constraints locally at each lattice site without all the irrelevant 
non-local details associated with the loop states (section 3.3 and 4.6). Towards this goal, a complete 
analysis was carried out for SU(2) lattice gauge theory and all mutually independent loop states were 
constructed in terms of prepotential operators in [8l [9] . The purpose and motivation of this work is 
to analyze lattice QCD or SU(3) lattice gauge theory within the prepotential framework. As we will 
see, there are many new issues which come up due to very different flux properties of SU(3) and SU(2) 
lattice gauge theories. 

The prepotential operators are harmonic oscillators belonging to the fundamental representations of 
the gauge group. Further, unlike link operators which create and destroy fluxes on the links, the 
prepotential operators are associated with the sites and create or destroy smallest units of group fluxes 
at the corresponding lattice sites. In the case of SU(2) lattice gauge theory 0, the prepotential 
approach enabled us to cast all the SU(2) Mandelstam constraints in their local form. Further, all 
possible mutually orthonormal loop states were explicitly constructed in terms of the prepotential 
operators. The dynamics of these orthonormal SU(2) loop states was shown to be governed by 3-nj 
Wigner coefficients. Infact, similar results have been obtained in the context of duality transformations 
in SU(2) lattice gauge theories in [TUl El HH [131 [SI- More precisely, the SU(2) gauge invariant 
basis labeled by (dual) angular momentum quantum numbers, describing two dimensional triangulated 
surfaces, in [11] is exactly same as the SU(2) loop basis in |8] labeled by "linking quantum numbers" 
which describe one dimensional loops. In [SI [TSl [121 [TT] different computational schemes to identify 



independent SU(2) loops were proposed. In [HI [ 
schemes retaining small loops carrying small fluxeq^ 



loop Hamiltonians are computed in the above 
In the context of loop quantum gravity, SU(2) 



spin networks carrying SU(2) fluxes which describe geometry of space time have been extensively 
studied [THl[in]- The SU(2) Schwinger boson or equivalently prepotential techniques studied in [51 [3] 
can also be naturally applied to study the spin networks in loop quantum gravity as the fluxes in the 
spin networks are created by Schwinger bosons. This approach leads to many technical simplifications 
in the construction of spin networks and has been discussed extensively in [20] . On the other hand, 
in the context of QCD with SU(3) gauge group hardly any work has been done in these directions. 
In particular, it is important to construct and analyze all independent SU(3) loop states ("SU(3) spin 



^Note that the prepotential formulation resolve the issues of over completeness of SU{2) loop states and their dynamics 
exactly without any assumptions. 
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networks") and study their dynamics. In the context of QCD, this analysis will be useful to analyze the 
spectrum of QCD Hamiltonian in terms of loops near the continuum limit where large loops carrying 
large fluxes are expected to dominate. The exact minimal loop basis containing arbitrarily large loops 
with all possible fluxes will allow us to analyze the spectrum without any spurious loop degrees of 
freedom. 

In this work we show that the SU(3) lattice gauge theory can also be completely described in terms of 
SU(3) irreducible prepotentials with SU{3)(S'U{1)<»U{1) gauge invariance. Under SU{3)<^U{1)(S'U{1) 
gauge transformations the prepotentials transform like charged matter fields. All the non-local SU(3) 
Mandelstam constraints in term of the link operators are cast into their local forms with the help of 
SU(3) gauge invariant prepotential vertex operators which are defined at lattice sites (section 3.3 and 
4.6). We briefly discuss how to get all the solutions of SU(3) Mandelstam constraints in the form of 
all possible independent SU(3) loop states. 

The paper is organized as follows. In Section 2, we briefly discuss the Hamiltonian formulation of 
SU(N) lattice gauge theory. This section sets up the notations and makes the paper self contained. The 
section 3 starts with a brief summary of the SU(2) prepotential approach to lattice gauge theory [HIS]- 
This overview illustrates all the essential ideas involved in simplifying the Mandelstam constraints 
and getting all their solutions in the simpler SU(2) case before dealing with their more involved SU(3) 
analogues. In addition, this section also helps us to highlight some completely new issues and difficulties 
one confronts on going from SU(2) to SU(3) lattice gauge theory. Section 4 discusses SU(3) lattice 
gauge theory in terms of prepotential operators. In sections 4.1 and 4.2 we study and classify the 
SU(3) prepotential Hilbert space Hp according to SU(3) invariant Sp(2,R) quantum numbers [31]. In 
section 4.3, we show that the Hilbert space of SU(3) gauge theory Hg is a tiny subspace of Hp which 
satisfies certain Sp(2,R) constraints. Section 4.4 deals with SU(3) irreducible prepotential operators 
[52] which are solutions of the above Sp(2,R) constraints and therefore directly create the gauge theory 
Hilbert space Hg. The explicit construction of SU{3) link operators and electric fields in terms of the 
SU(3) irreducible prepotentials is given in section 4.5. In section 4.6, with the help of SU(3) irreducible 
prepotential operators, we construct all possible SU(3) gauge invariant vertices at a given lattice site 
which in turn cast all SU(3) Mandelstam constraints in their local forms. Having made them local, 
section 4.6.1 discusses how to solve these infinite sets of constraints at every lattice site exactly. We 
then briefly discuss the prepotential formulation of SU(N) lattice gauge theory. We end the paper with 
a brief summary and discussion on related issues. 

2 SU(N) Hamiltonian formulation 

The Hamiltonian of SU{N) lattice gauge theory is: 




(1) 



nA a— 1 



plaquette 



with, 



^plaquette = Uin,i)Uin + i,j)W{n + j,i)W{n,j), 
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where K is the coupUng constant, a(= 1, 2, • ■ • , [N'^ — 1)) is the color index. In ([T]) the kinematical 
operators E and U can be understood as follows. Each link (n,i) is associated with a SU(N) symmetric 
top, whose configuration (i.e the rotation matrix from space fixed to body fixed frame) is given by the 
operator valued {N x N) SU(N) matrix U(n,i). Let Ef^{n, i), E^{n + i, i) denote the conjugate left and 
right electric fields with the quantization rules [5]: 

[El{n, z), C/"^(n, i)] = - (T-C/(n, i)T [E^in + z, z), U^{n, i)] = {U{n, i)TT p- (2) 

In ([2]), are the generators in the fundamental representation of SU{N) and satisfy: [T^,T^] = 
jjabcji^ where /^'"^ are the SU(N) structure constants. The quantization rules ^ clearly show that 
E^fji, i) and Eniji + i, i) are the generators of left and the right gauge transformations in ([7]). Infact, 
the right generators Efi{n + are the parallel transport of the left generator i) on the link 

(n,i): 

ER{n + i,i) = -U\n,i)EL{n,i)U{n,i). (3) 

In (O, ER{n + i,i) = J^i, E%{n + i, i)T'' and EL{n, i) = J^^ El{n, i)T''. The left and the right electric 
fields on every link, being the SU(N) rotation generators, satisfy: 

[Elin,i),Elin,i)]=zU,EUn,z), [El{n,i),El{n,i)]= iU,E'j,[n,i). (4) 

Further, using ([2]), it is easy to show that E^ and E^ commute amongst themselves: 

[El(n,i),El{m,j)\=Q. (5) 

and therefore mutually independent. By construction on each link they always satisfy the constraints: 

JV^-l N^-l 

E-{n,i)E\n,z) = ^ El{n,i)El{n,i) ^ ^ E%{n + t,t)EUn + (6) 

a— 1 a— 1 a— 1 

The Hamiltonian in ([T|) involves the squares of either left or the right electric fields. Under gauge 
transformation the left electric field and the link operator transforms as: 

U{n,i) A{n)U{n,i)A''{n + i), 
EL{n,i) ^ A{n)EL{n,i)A\n), Eii{n + ^ A{n + i)ER{n + i,i)A\n + i). (7) 

The Hamiltonian ([T|) and the basic commutation relations ([2]) are invariant under the SU(N) gauge 
transformations ([T]). From (O, the SU{N) Gauss law constraint at every lattice site n is 

d 

G(n) = ^(£;£(n,z) + £;|f(n,z)) =0,Vn. (8) 
1=1 

It is convenient to define the left and right strong coupling vacuum state \0)l and \0)r on every link 
which are annihilated by their corresponding electric fields; 

El{n,i)\0,{n,i))L = 0, E%{n + i,i)\0, {n + r = 0, Vlinks(n,i). (9) 

We will denote the vacuum state on a link by |0) = |0, {n, i)) l <E) |0, (n, i))R, suppressing all the link as 
well as L, R indices. The quantization rules ^ show that the link operators U°'p{n,i) acting on the 
strong coupling vacuum Q create SU(N) fluxes on the links. As an example, using ([2|): 

EUn,^)(u'^0\O))=EUn + ^,^){u'^p\Q))^^{N■'-^)[uy\O)). (10) 
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The higher SU(3) irreducible flux eigenstates of £'£ and Ef^ on a link can be obtained by considering 
the states U"'^ p-^U"^ ' ' ' ^"^/3i|0) and symmetrizing the a and therefore also /3 indices according to 
certain SU(N) Young tableau. We will discuss this issue again in section 3 and section 4 in the specific 
context of SU(2) and SU(3) groups. 



3 Prepotentials in SU(2) lattice gauge theory 

In this section we define SU(2) prepotential operators. Using the Schwinger bosons construction of the 
angular momentum algebra the left and the right electric fields on a link {n,i) can be written as: 

Left electric fields: E'^{n,i) = a) {n,i\ L)—a{n^i] L)^ (11) 

Right electric fields: E^{n + i,i) = {n + R)—a{n + R). 

In (|lip . aa{n,i;l) and ajj(n, i;/) are the doublets of harmonic oscillator creation and annihilation 
operators with I ~ L,R, a — 1,2. We have used Schwinger boson construction [23] of angular mo- 
mentum algebra in pT|) . Like Ef^{n,i) and E^{n + the locations of a{n,i,L),a^{n,i,L) and 
a{n + i, i, R), at(n + i, i, R) are on the left and the right of the link {n, i). For notational convenience 
we suppress the link indices and denote a'^ {n, i, L) and {n + R) by {L) and a^{R) respectively. 
This is clearly illustrated in Figure [1] The link indices will be explicitly shown whenever we work with 
more than one link. Note that the relations (fTTj) imply that the strong coupling vacuum ([9]) is the 
harmonic oscillator vacuum. Substituting the electric fields (jlip in terms of Schwinger bosons in the 
electric field constraints we get a^(n, i; L) ■ a{n, i\ L) — in + i, i; R) ■ a{n + i, i; R). We will come 
back to this issue again in section 3.1. 

a+(L) . a (L) = a+(R) . a (r) ^^^^^ 
□ □ . 

n • • n+i 

^ a (n,i) „a . 

E^(n,i) Ej^(n+i,i) 



Figure 1: The left and right electric fields and the corresponding prepotentials in SU(2) lattice gauge 
theory. We have denoted a''{n, i, L) and a^{n + i, i, R) by a''{L) and a'{R) respectively. The unoriented 
abelian flux line connecting them represents the U(l) Gauss law (|18l) constraint. 



Under SU(2) gauge transformation with the generator G(n) in ([8]), the prepotential harmonic oscillator 
transform as SU(2) doublet^: 

al{L) ^ at (L) (A[)^„, at (i?) at (i?) (A^f ^ 

a^{L) ^ (Ai)% af\L), a'-{R) ^ (Ah)% a^{R). (12) 

^Here we specify the notations in I I12I I: aj, (L) = aly(n,i; L),ali (R) = aj, (n + j, i; i?) are located at the left and right 
side of the link (n, i) and = A(7i), = A(n + i) as shown in Figure ^ explicitly. 
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One can also define and dct = ^apa which under SU{2) transformation transform as a" 

and aj, respectively. In terms of link operators the basic SU(2) flux states on links can be constructed 
using the link operators: 

\jin,i),mLin,i),mR{n,i)) = ([/"^^C/"^^, • • • C/"^^>,^. + • • • (2j)! permutations) |0). (13) 

In (fT^ . jL{n,i) = 3R{n + = j{n,i) because of niL = Y^iLi^ii and tur = J2iLi Pi with 
ai,Pi = ±i. The (2j)! terms in (fTS]) are required to implement the symmetries of SU(2) Young 
tableau in the left {a\a2 ■ ■ ■ a2j) as well as the right (/3i/32 • • • /32j) indices. The gauge theory Hilbert 
space Hg is spanned by direct product of states of type (fT5|) on all the lattice links. Note that as the 
flux value j — » cx) on various link^, the construction of the gauge theory Hilbert space Tig through 
(|13p becomes more and more tedious. The basic link states in (jl3p can be now be disentangled into 
it's left and right part as: 

\j{n, i),mL{n, i),mR{n, i)) = \ j(n, i),mL{n, i))L ® \ j{n, i), mR{n, i))R, (14) 

where, 

\j{n,i),mL{n,i))L = al^{L)al^{L) ■ ■ ■ al^{L)\0)L = .Caia2---a„ |0)l, 
\jin,i),mRin,i))R = al^iR)al^{R) ■ ■ ■ aljR)\0) r = TZp.fi.-pjO) r. (15) 

In (jl5p . n = 2j, rriL = X]?£i ttt-r = X]i£i Pi with ai, Pi — ±i. The operators C and IZ are the 

5/7(2) U{1) flux creation operators at the left and right end of every link. Note that these operators 
are SU(2) irreducible as they are symmetric in all the SU(2) spin half indices and are defined for later 
convenience (see section 4.2). From and we conclude that the Hilbert space Hp created using 
the prepotential operators on all lattice links is also the SU(2) gauge theory Hilbert space: 

Hg = Hp. (16) 

However, the construction of Hg using the prepotentials (jl5p is much simpler than the equivalent 
equivalent construction p3p using the link operators. This simplicity occurs because unlike the link 
operators Uapin, i) which are associated with links, the prepotential operators are attached to the sites 
(i.e, left or right ends of every link). Further, all the SU(2) prepotential creation operators commute 
amongst themselves and we do not need (2j)! terms (as in ([0)1 ) to get the symmetries of SU(2) Young 
tableau. In words, the symmetries of SU(2) Young tableau are inbuilt in SU(2) prepotential operators. 
We will come back to this symmetry issue (end of section 4.3) and the identification of Hg with Hp (fTB]) 
(see eqns. pSI) and ([35])) again when we discuss SU(3) lattice gauge theory in terms of prepotential 
operators. 

3.1 U{1) gauge invar iance 

The defining equations for the prepotential operators are invariant under J7(l)®[/(1) gauge transfor- 
mations on every link: 

ai(L)^e'^Wai(£) , al(i?) - e-^(^)at (i?). (17) 

^These large j configurations are expected to dominate in the continuum {g 0) limit. 
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Note that the above abehan gauge transformations are defined on the two sides of every hnk and are 
independent of the SU(2) gauge transformations (fT2l) which are defined at every lattice site. Using 
the electric field constraints (O on the links become the number operator constraints in terms of 
the prepotential operators: 

N{L) EE a\L) ■ a{L) = N{R) = a^R) ■ a{R) = N (18) 

In p^ . N = N{n,i) and imply 9{L) — 9{R) on every hnk and reduces the extra U{1) ® C/(l) gauge 
invariance to U(l). Thus in the prepotential formulation non-abelian fluxes can be absorbed locally 
at a site and the abelian fluxes spread along the links. Both the gauge symmetries together lead to 
non-local (involving at least a plaquette) Wilson loop states (see section 3.3). 



3.2 SU(2) link operators 

The equations (jlip already defines the left and right electric fields in terms of the prepotentials. 
To establish complete equivalence, we now write down the link operators explicitly in terms of the 
prepotentials. From SU{2) gauge transformations of the link operator in ([7]) and SU{2) U{1) gauge 
transformations ([H]), p?]) of the prepotentials, 

{/"^ =at"(L)ryat(i?)+a"(i)0a;3(i?), (19) 



where rj and 9 are functions of SU (2) invariant number operator. The operators a^" and are 
defined after equation p^ . The cqn. (fT9|) is graphically illustrated in terms of SU(2) Young tableaues 
in Figure m 




Figure 2: The Young tableau interpretation of the SU(2) link operator U in terms of the prepotential 
operators acting on a state with = nj^ = 2j. The two terms in (IT^ correspond to the two sets 
of Young tableaues on the right hand side of this figure respectively. 

In the explicit matrix form the link operator can be written as the product of the left part Ul and the 
right part Ur as: 

aUL)r,L a,{L)9L \ f mAiR) VbA{R) \ 
\ ~a\iL)r]L a2{L)9L J \ 9Ra2{R) 0fl(-ai(i?)) / 

V V ' 

Ul Ur 
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2 




Figure 3: SU(2) prepotentials associated with a lattice site n in a d = 2 lattice. A SU(2) gauge 
transformation at site n affects only these prepotentials enabling us to construct SU(2) gauge invariant 
Hilbert spaces locally at each lattice site. 

Where, rj^, rju, 6^, Or are the left and right invariants constructed out of number operators. From (fTOl) 
it follows that, i] = -qLVR, = 9l0r. From pH) : 



uIUl = 



fjL[aHL)-aiL) + 2]7jL 

eL[aKL)-a{L)]eL 



V 9R[aHR)-aiR) + 2\0R J 

Therefore, for Uaij to be unitary we get: 

^ Q ^ \ Q _ \ (22] 

~ ^at(i) .a(L) + 2' ^ " ^a\{L)-a{V)' " ^a^{K)-a{K)' ^~ ^ {R) ■ a(R) ^ 2 

Note that the operator 'r]R above is always well defined as it always appears with ajj(i?) on it's right in 
(j20p . The operator Bl is well defined in ([^0]) as the link operator U = UlUr acts on the Hilbert space 
satisfying the constraints (fT8)l . Finally, using a'^{L) ■ a{L) = a^{R) ■ a{R) = N, the link operator can 
be disentangled into it' left and right parts as: 

U = ^ ( ^'f^ ] ( ] . Ur (23) 

VN + l V -"iW «2(i) / V °^2(i?) -ai{R) J ViV + 1 

Ul Ur 

and satisfies U^^U = UU^ = 1. 



3.3 SU(2) gauge invariant states and Mandelstam constraints 

The prepotential operators being associated with sites enable us to construct SU(2) gauge invariant 
Hilbert spaces at every lattice site. These SU(2) gauge invariant Hilbert spaces at different lattice 
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^ a (L) a+(L) . a (L) = b +(R) • b (R) ^ " 

□ * B 

n • • n+i 

B ^ □ 

|3+a ^ • b (L) = a+(R) • a (r) gt 



Figure 4: The SU(3) prepotentials and the two U{1) ® U{1) oriented abehan flux hnes along a hnk in 
SU(3) lattice gauge theory. The directions of abelian flux lines are chosen from quark (a^) prepotentials 
to anti-quark (6^) prepotentials. 



sites are mutually orthogonal. Therefore, the Mandelstam constraints which relate the various gauge 
invariant states, can be analyzed and solved locally at each lattice site. For a d-dimensional lattice we 
have 2d number of prepotential creation operators present at each site all transforming in the same way 
under the SU{2) group present at the site (see Figure [3]). Hence all possible SU{2) invariant creation 
operators at site n are constructed by anti-symmetrizing any two different prepotential doublets: 

L,j{n) = e"^ai{n,i)al{n,j) = a^{n,i) ■ a^{n,j), ij = l,2,...,2d (24) 

In at,(n, i) with i = 1,2,- ■ ■2d denote the 2d prepotentials around the lattice site n (see Figure[3] 
for d = 2). Hence, the most general gauge invariant states at a lattice site n is given by, 

2d 

\l{n))^ n (i..W^'^"^|0) (25) 

But these \l{n)) states form an over complete basis because of the Mandelstam constraintj^ [S]: 

(flt . fet)(ct , Jt) = (at , 5t)(5t . Jt) _ (at . Jt)(5t . gt) (26) 

A complete orthonormal gauge invariant basis at site n in terms of SU(2) prepotentials is given in 
terms of SU(2) angular momentum quantum numbers [5]: 

\LS)n ^ |jl,j2,.j2d;j-12,Jm,..Jl2..(2d-l) = J2d) =A^(j)5]'n (27) 

« Vi, 

The prime over the summation means that the linking numbers lij are are summed over all possible 
values which are consistent with certain geometrical constraints ^ . The states (|27|l at different lattice 
sites along with U(l) constraints (fT5)) describe all possible orthonormal (linearly independent) loop 
states. It is also shown [S] that the loop dynamics for pure SU(2) lattice gauge theory in d dimension 
is given by real and symmetric 3nj Wigner coefficients of the second kind (e.g., n=6, 10 for d=2, 3 
respectively) . 

*We will discuss the Mandelstam constraints in detail in section 4.4. 
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4 Prepotentials in SU(3) lattice gauge theory 



We will now generalize the above SU(2) prepotential formulation to SU{3) lattice gauge theory. Like 
in SU(2), the SU(3) prepotentials are defined through the left and right electric fields in SU(3) lattice 
gauge theory. However, now the two fundamental representations 3 (quark) and 3* (anti-quark) of 
SU{3) are independent. Hence we associate two independent harmonic oscillator prepotential triplets: 

alin, %■ L) = al{L), ^^"(ti, i; L) = b^^iL), a - 1, 2, 3 

to the left end and 

al{n + i,i;R) = al{R), h'^°'{n + i,i;R) =b'^°'{R), a = 1,2, 3 

to the right end of the link (n,i). Now there are 12 prepotential operators associated with every 
link. These assignments are shown in Figure^) Under SU(3) gauge transformation in a d dimensional 
spatial lattice, the 2c? s and 2d b'^ s on the 2d links emanating from the lattice site n transform as 
quarks (3) and anti-quarks (3*) respectively. The SU(3) electric fields are: 



Left electric fields: 



El = [a\L)^a{L)~b{L)^b\L) 



Right electric fields: E^ = [a) {R) — a{R) - b{R)—b\R) 



2 2 I^") 

In ((28|l . we have used Schwinger boson construction of SU(3) Lie algebra [24l[25]. The electric field 
generators in generate S'?7l(3) ® SUii{3) gauge transformations on every link. The prepotential 
triplets satisfy the standard harmonic oscillator commutation relations: 

= 0, l,l' = L,R. (29) 



a"(/),at(r; 
a"(Z),a'^(/') 



= 0, 



bc{l),bp{l') 



As all the electric fields in (|28p involve both creation and annihilation operators, the number operators 
in (PD|) commute with all the electric fields in (^5)1 . therefore, the two SU(3) Casimirs on each side of 
the link (n,i) are: 

N{L) = a){L) ■ a{L), N{R) = a^R) ■ a{R), 

M{L)^b\L)-b{L), M{R)^b\R)-b{R). (30) 

The eigenvalues of N{L),M{L) and N{R), M{R) will be denoted by n^, tjil and tt-tj, m^j respectively. 
We can characterize all the SU(3) irreducible representations on a link by (n^, m^) (X) (n^j, mR). Using 
the Gauss law generators (|5]) and the defining equations the SU{3) gauge transformations of the 
prepotentials on the left and right side of a link (n, i) are: 

ai{L) ^ at (L)(A[)^, ai{R) ^ al(R){K^^f ^ 

b^^iL) ^ (Ai)%fet/J(L), 6t"(i?) ^ (AH)%fet/J(i?) (31) 

The above transformations imply that under SU(3) gauge transformations (i), (i?) transform like 
quarks and b^"{L),b^"{R) transform like anti-quarks at the left and the right end of the link (n, i) 
respectively. Therefore, we call a, and 6, b^ on various links as quark and anti quark prepotentials 
respectively. 
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4.1 The [/(I) [/(I) gauge invar iance 



Like in SU(2) case (see (fTT)) ). the defining equations of SU(3) prepotentials (^5]) are invariant under 
the following U{1) U{1) ^U(l) (E) U{1) abelian gauge transformations: 

In (|32p . the abelian gauge angles 6'(/) and </>(/) with I ^ L,R are defined on the left and right sides of 
every link. Again like in SU(2) case, the Hilbert space of lattice gauge theory is built by applying the 
link operators on the vacuum state: 

and then symmetrizing/anti-symmetrizing as according to a certain Young tableau. However, this 
symmetrizing/ anti-symmetrizing the left a G 3 indices automatically induces the same symmetries/anti- 
symmetries on the right/3 £ 3* indices. This implies that the left and right representations are always 
conjugate to each otheiO, i.e: 

N{L) = M{R), M{L) = N{R). (33) 

This implies: 9{L) = 0{R) and 4){L) — 4){R) on every link. Therefore, besides SU(3) gauge invariance 
(j3ip at different lattice sites, the prepotential formulation has additional abelian U{1) ® U{1) gauge 
invariance (j32p on every link. The Gauss law constraints (|33p imply that abelian fluxes are oriented. 
We choose the directions of the abelian fluxes on links to be from quark to anti quark prepotentials. 
To maintain continuity of direction in a loop state the non-abelian fluxes are chosen in the opposite 
direction (i.e, from anti quark prepotentials to quark prepotentials). These conventions are clearly 
illustrated on a link in Figure S] and Figure [51 



4.2 The SU(3) prepotential Hilbert space 

Like in SU(2) case (fTS)) . the Hilbert space of SU(3) prepotential operators Tip can be completely 
characterized by the following basis on every lattice link: 

\PlP2---Pq \ „ |l5ll52---l5p 1 _ f PlP2---l3q \r.\ f» P ''l ' ' ' I r,\ 

|QiQ2---ap/i ^ l7l72---7g/-R = ^ aia2---ap |U;l it 7172...-,^ |U;fl. {61) 

In dSlI), 

Li\t--X\^)L ^ aliL)---al{Lp^'^{L)---b^^^iL)\0)L, 

and 

R',\t:k\0)R ^ al{R)---al{R)b^'^{R)---b^'HRmR 

are the S'?7l(3) SU ^(3) (g) t/(l) ® U{1) flux creation operators on the left and right ends of every link 
respectively. We have used the U{1) (8) U{1) Gauss law constraints ((33)) in (|34| with ul = rriR = p and 
rriL = tlr — q. Note that unlike SU(2) flux creation operators (fT5)) which were SU(2) irreducible, the 

^We will analyze the consequences of i) = E^{n + i, i) in the next section. 
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flux operators operators in are SU(3) reducible (see eqns. ([55)) ). In this section we show that this 
is the reason why, unhke SU(2) case (fTB]) . the SU(3) gauge theory Hilbert space TLg is contained in Hp: 



Hg C Hp. 



(35) 



Therefore, we now need projection operators to go from Hp to Hg (appendix A). This makes SU(3) 
prepotential analysis slightly more involved than SU(2) (see section 4.3). To appreciate this problem, 
we start with the following SU(3) gauge invariant state as an example: 



\PL, PR 



)^[aHL)-bHL)y''[aHR)-bHR)y''\0). 



(36) 



The states (|36)) are also invariant under J7(l) (g) J7(l) gauge transformations (|32)) ii pj^ — — p with 

Abelian flux line on a link 



+ 

a(L) 



+ 

b(R) 



SU(3) flux 
direction 
at site n 



AT 



n 



n+i} 



SU(3) flux 
direction 
at site (n+i) 



b^(L) 



_\=a(L)-b(L) I o) 



Abelian flux line on a link 



= a(R)-b(R)| 0> 
R 



Figure 5: The graphical interpretation of the SU (3) ® f7(l) ® C/ (1) gauge invariant loop state ([55]) over 
a link (n, i) with ul — nu = n = I. The "magnetic" Sp(2,R) quantum number p of this state is non 
zero {p = 1) and therefore such states can not be created by the link operators U{n, i). Two types of 
arrows arc used to differentiate abelian and non-abelian fluxes. 

p = 0,1, 2, oo. The state (j36p with p — 1 is shown in Figure [51 The gauge invariant states ([5S[) are 
linear combinations of states in ([34)) : 

\p) ^ \PL = p, PR = p) = Y, \i\z::z)l ® E (37) 

a 

However, the only gauge invariant states in pure lattice gauge theories are the Wilson loop states 
residing around the plaquettes and not on the links as Tr{UW) = Tr{WU) = 3 on every link. 
In other words, the infinite towers of gauge invariant states (|36p on different links do not exist in 
the lattice gauge theory. Infact, this issue of "non gauge theory states" in Hp is related to the 
well known multiplicity problem in the direct products of SU(3). Note that the basis ([M[) in Hp is 
obtained by taking two direct products. The states L^fa^-'^a^ JO)l and R^\^^'.'..^^\Q) r are individually 
direct products of quark and anti-quark irreducible representations: {n^ — P,0)l ® (0,tol = (?)l and 
{ur = q,0)R {OjUiR — p)r respectively. Therefore, they can be further reduced using the SU(3) 
Clebsch Gordan series into irreps. of S'[/l(3) and SUr{3) respectively: 



niin 



inL^P,0)L®iO,mL^q)L - V ® (p ^ piL) , q - p{L)) i 



p(L)=0 



H^(p-p(L),q-p(L),p(L)) 

7nin{p,q) 

{nR^q,0)R®{0,mR^p)R = V ®{q- p{R),p- p{R))r. (38) 

p{R)=o n^t^g^pi^R)^p^p(R)^p(R)) 
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The multiplicitieflj occurring in such direct product representations have been extensively studied and 
classified in [21]. Following [21], we have defined T-Cp{p— p{l), q— p{l), p{l)), I = L,R mutually orthogonal 
Hilbert spaces as these Hilbert spaces are in different irreducible representations of SUi{3). As shown 
in appendix B, the SU(3) electric field constraints Efin, i) = Ep(n + i, i) along with the U{1) (E) U{1) 
Gauss law constraints psp on links imply: 

p{n, i; L) — p{n + i, i; R) 

in the SU(3) Clebsch Gordan series p8|) on every link. Therefore, the prepotential Hilbert space can 
be classified as: 



oo oc 

- n {f:^.(^)},„,- (39) 

In order to identify the gauge theory Hilbert space Hg in ([55]) . we define the following three color 
neutral operators on each side I of every link: 

k^{l)=a{l)-b{l), k+{l)=a^{l)-b''{l), koH) = ^ {a\l) ■ a{l) + b'' (l) ■ b{l) + 3) , l = L,R. (40) 

As usual, we have suppressed the link indices (n, i) in (HOI) . These SU(3) color neutral operators satisfy 
the Sp(2,R) algebra on both sides of the link: 

[ko{l),k±{l')]=±Su,k±{l), [k^{l),k+{l')] = 25u,ko{l), l,l' = L,R. (41) 

Further, as these Sp(2,R) generators are invariant under SU(3) transformations, they commute with 
the color electric fields. In other words: 

[SpLi2, R) ^ SpRi2, R), SULiS) ® SUniS)] = 0. (42) 

Therefore, the Hilbert space of SU(3) lattice gauge theory can be completely and uniquely labeled 
by SUl{5) Spl{2, R) ® SUr{3) ® Spr{2, R) quantum numbers on every hnk. The irreducible rep- 
resentations of Sp(2,R) are characterized by \k,p), where k and p represent the Sp(2,R) "spin" and 
"magnetic" quantum numbers. For the direct product ([55)1 we get [3T]: k{L) — k{R) — ^{p + q + 3). 
Further p{L) — p{R) appearing in ([38)) are the "magnetic quantum numbers" of Spl{2, i?) (8) 5*^^(2, R). 
The raising (lowering) K4-{K^) operators increase (decrease) the Sp(2,R) magnetic fluxes [?!] : 

\n^{p,q,p±l)) = k±iL)\n^ip,q,p))., \n^{q,p,p±l)) = k±{R)\H^iq,p,p)), (43) 

where \'Hp{p,q,p)) denotes an arbitrary vector in T-ip{p,q,p) with / = L/R. In particular, the p = 
Hilbert space without any "Sp(2,R) magnetic" flux in ([55)1 is annihilated by k-: 

k^{L)\H^ip,q,p = 0))=0, k^iR)\H^{q,p,p = 0)) = 0. (44) 

The equations ([43)1 show that the "spurious gauge invariant" states in ([36)l are the vectors of one 
dimensional mutually orthogonal SU(3) invariant Hilbert spaces Tip {0,0, p) (8)Hp (0,0,p) with p — 
1, ■ ■ ■ oo. The strong coupling vacuum is the p = vacuum. 



^Under SU(3) gauge transformations, the vectors in Hp (p, q, p) ® 'Hp{q,p, p) in II39II transform as {p,q)L ® (<1,p)r 
irreducible representation of SUl{3)0SUji{3) independent of the value of p (= 0, 1, • • ■ , oo) leading to infinite multiplicity 
for each state. While the gauge theory Hilbert space Tig contains each of these representations only once (see (I46t ). 
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4.3 The SU(3) gauge theory Hilbert space Tig 



The various flux states in gauge theory Hilbert space Tig are created by the Hnk matrices 11°" p acting on 
the strong couphng vacuum as in (fTO| . Therefore, in order to identify Hg in TLp with Sp(2,R) structure 
(|39p. we now analyze the Sp(2,R) properties of the link operators in this section. We note that the 
link matrix C/"/3 can not change the Sp(2,R) magnetic quantum number p. As shown at the bottom 
of Figure EJ k^{L) — a^{L) ■ b^{L) and k^{R) = a^{R) ■ b''{R) correspond to three Young tableau boxes 
in a vertical column (SU(3) singlets) on the left and right side of the links respectively. On the other 
hand, in terms of the link operators, this left and right anti-symmetrization on a link corresponds to: 
^eaiQ2Q3e'''*'''t^"'/3iC^"'/32C^"'/33 = dei t/ = 1 or tr (UW) = 3. Therefore, the states in Hg, obtained 
by applying link operators on the strong coupling vacuum with p — (fc_(^)|0)/ = 0, I = L,R) will 
also carry p = quantum numbers. In other words, they too will be annihilated by k^{l): 

A:_(L)([/"V,C/"^^,...[/"'>^)|0) =0, fc_(i?)(c/"^ft[/"^^,---(7"'>,)|0) =0. (45) 

Therefore, going back to the classification of Hp in we identify: 

n.^U {H,(p = 0)},„^,^H° (46) 

®link 

like in the case of SU(2) lattice gauge theory. In (|46)) Hp denotes p — subspace of Hp. Thus the 
kernel of {k-{L)k-{R)) in Hp is the SU(3) gauge theory Hilbert space Hg. Further, ([i5|) implies: 

[k. (L), U%] c 0, [k^ {R), C/";3] ~ 0, (47) 

In other words, k^{L) and k^{R) weakly commute with the link operators of SU(3) lattice gauge 
theorjlj]. The symbol ~ in (j47p implies that the commutators are zero only when they are applied 
on the vectors belonging to the gauge theory Hilbert space Hg. We would now like to write the link 
operators in terms of SU(3) prepotential operators which create SU(3) fluxes only in the gauge theory 
Hilbert space Hg. This is done in the next section. 

4.4 SU(3) irreducible prepotential operators 

In this section, we construct the SU(3) irreducible prepotential operators from the prepotential opera- 
tors in (|28|) such that they directly create SU(3) irreducible fluxes exactly like in SU(2) case (fTS)) . This 
construction with all the it's group theoretical details is given in [52]. We deflne the SU(3) irreducible 
prepotential operators from prepotential operators such that: 

1. they have exactly the same SU{?>) ® U{1) ® U{1) quantum numbers, 

2. they commute with the Sp(2,R) destruction operator k-. 

As a result, acting on the strong coupling vacuum they directly create the gauge theory Hilbert space 
Hg completely bypassing the problem of spurious states like ([55]) in Hp. we define SU(3) irreducible 

'^Note that all the electric fields strongly commute with the Sp(2,R) generators II42I I. 
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prepotentials as: 



Ai{L) = ai{L)-FLK{L)b^{L), 
i?t"(i) = feta(2,)_Fifc+(L)a"(L), 

In (|48|) . the factors and Fji are given by: 



AiiR) ^ ai{R) ~ Fr k+{R)b^iR), 

B^°'{R) = b''°'{R) - FLk+{R)a°'{R). (48) 



N{L) + M{L) + 1 ' 
These factors are chosen so that |22) : 



Fr^ 



N{R)+M{R) + r 



(49) 



It is easy to check that the irreducible Schwinger boson creation operators commute amongst them- 
selves: 



Al(z),4(n] =0, [st«(o,i?t/3(r)] =0, [Aiii),B^0{i')]^o. 

The other commutation relations acting on the SU(3) irreps. are [2^ : 



(50) 



A"il),Al{n 
[A'^{l),B^f'{l')] 



5,1' 5^ 



1 



-5w 



N{1) + M{1) + 2 
1 



-B^°'Bf 



N{1) + Af(/) + 2 
1 



i '^^ " M) + M(0 + 2 



(51) 



By construction, Aj,(Z) and B^°'{1) transform exactly like aJ,(Z) and &^"(0, I ^ L,R under SU{3) 
U{1) (E) U{1) and retain the same quantum numbers. Therefore, we can now define: 



\0iP2---l3q \Q ^ |i5i<52---i5p xO 
\aia2---ap/ L ^ \flj2---Jq/ R 



*^ ai Q2 ■ ■ -ct 



;|o)i®7^^;t■4lo)«• 



(52) 



In (|52p . the additional Sp(2,R) quantum numbers ^ Pr = Q are put as superscript 0. The operators 
C and TZ are defined by replacing SU(3) prepotentials in L and R in ([M]) by the corresponding SU(3) 
irreducible prepotentials in i.e.. 



"„;|0)l ^ AiSL)---Ai^{L)B^^-{L)---B^f'^{LmL. 



and 



7^: 



(51^2 ■■■f^p 



|0)fl^ ^ AUR)---AUR)B^'^{R)---B^'^{Rmi 



Note that in terms of SU(3) irreducible prepotentials, the "spurious gauge invariant states" like in ([5^ 
or (l37l) do not exist as: 



A\L)-B\Lm, 



0, 



A\R)-B\R)\Q)r = Q. 



(53) 



In other words, the operators C and 7?. in ([5^ are SU(3) irreducible unlike the L and R operators 
in which are reducible according to ([55]) . In the appendix A we show that C and TZ are related 
to L and R by projection operators ((75)1 . Infact, these SU(3) flux creation operators C and 7?. are 
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Figure 6: The Young tableau interpretation of the SU(3) link operator U in terms of the prepotential 
operators (j54p acting on a state with ul ~ mji = p ~ I and ttil ~ njj = q = I. The three terms in 
(|54p or ([55)1 correspond to the three sets of (mutually conjugate) Young tableaues on the right hand 
side of this figure respectively. This is SU(3) generalization of Figure [2] for SU(2). 

the SU(3) analogues of the SU(2) flux creation operators C and TZ in (jlSp as both create irreducible 
fluxes. Further, like in SU(2) case, they bypass the problem of symmetrization and anti symmetrization 
associated with the link operators. This is because C and TZ in (|5^ are defined in terms of SU(3) 
irreducible prepotential operators which have all the symmetries of SU(3) Young tableaues inbuilt 
[22]. In other words the role played by SU(2) prepotentials in SU(2) lattice gauge theory is exactly 
equivalent to the role played by SU(3) irreducible prepotentials in SU(3) lattice gauge theory. 

4.5 SU(3) link operators 

The SU(3) link operator must create 3 and 3* fluxes at the left and right end of the link and should 
satisfy the U{1) ® U{1) Gauss law constraints (|551) . These requirements are similar to SU(2) case 
discussed in section 3.2. The new SU(3) requirement of Sp(2,R) constraint (|47p has been solved by 
defining SU(3) irreducible prepotential operators in the previous section. Noting that by construction, 
Al^{l) and B''°'{1) transform exactly like al^{l) and b^°'{l), I = L,R, the general structure of the link 
operator is: 

t/"^ = ?7 + 61 (b(L) A 5 ABt(i?))^. (54) 

In (j54p . r],6 and S are the SU(3) invariants and therefore can only depend on the number operators. 
These will be fixed later in this section. The link operator constructed in ([54]) has all the required 
group theoretical properties: 

• Under SU(3) transformations U{n,i)"p ^ {AL)'^^U{n,i)^ si^B^'Y /s- 

• It is invariant under U{1) U{1) abelian gauge transformations. 

• It creates and destroys fluxes in Hp in (|46)) . It is easy to check that the link operator Ifp in 
dMl) satisfy (gT]). 

• Acting on a link state in {p,q)L and (q,p)R representations of SU{3)l x SU{3)r: 

U°'p\p,q)L(S\q,p)R = Ci°'p\p+l,q)L®\q,P+l)R + C2°'p\p,q~l)L<S)\q-l,p)R 

+ C3''i3\p-l,q+l)L^\q + hp-l)R, (55) 
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where Ci, C2 and C3 are the SU(3) Clebsch Gordan coefhcients. The three terms in corre- 
spond to the three terms m ((55|) respectively. In Figure [6l we illustrate ([54]) and ((55|) in terms 
of SU(3) Young tableau diagrams. 

Like in SU(2) case, it is convenient to define left and right link operators as: 



I B^\L)7^L A\L)eL {B{L) A A^L))^dL \ 



I A\R)f]R B^HR)9n {B{R) A A^R)y~SR ^ 
A^{R)f]R B^HR)en (BiR) A AHR))^Sr 



\B^^L)7^L A\L)eL {B{L)aA^{L))Hl j \A^{R)nB. B^HR)en (BiR) A AHR)f6H J 



Ul Ua 

Where ^l, (^l and fju, 9fj, Sr are the left and right invariants constructed out of the number oper- 
ators. From ([51)) : 



S = Sl Sr. 



From ^5• 



uIUl 




fjL [B ■ Aj Ol 

~o 

9l[a^ -A^L 



VL 



(b-{BA A^) ) 5l 

=0 

h f At . [B A At) \ Sl 



( (St A A) . St) h [{B^ A A) ■ a) Ol ( (A A St) • (B A At) ) 5^ 



(57) 



(58) 



Similarly, 



VR 



(At.^) 
r{b-a) 



VR 



VR 



VR 



(At . St) 



T^n. (At . {B A At) ) S, 



Oui^B-B^yR 0fl(s.(BAAt)) 



6R({B^AA)-A)fjR 5fl((st AA) -fitU^ <5fl,( (A A St) ■ (S A At) )^;^, 



V 



(59) 



=0 =0 
In ([55]) and ([59)) . we have suppressed the L/R indices from the prepotential operators (A, At) and 
{B,B^). Demanding uIUl = 1 and UrU^ = 1, we get: 

1 „ 1 . 1 



VL = 
VR 



^B{L)-BHLy ^AHL)-A{Ly ^{A{L) A BHL)) ■ {B{L) A A^L))' 

^ = __!__, Sr^ ^ (60) 



v/At(i?) . A(i?) y^B{R) ■ B^iR) \/iA{R) A B^R)) ■ {B{R) A A^R)) 

The link operators in ([54|) with ([57]) and ([60]) satisfy: UW = J/t?/ = 1. Having written the link 
operators in terms of the SU(3) irreducible prcpotentials, we now cast the left and right electric fields 
([^ in terms of A{1), A^l), B{1), B^ (l) with I ^ L,R. Using the very special structures of the SU(3) 
irreducible prepotentials in ([15)) . it is easy to check that: 



E% = 



a\L) — a{L) ~ b{L)—b\L) 



a\R)^a{R)-h{R)^b\R) 



A\L)^A{L)-B{L)^B\L) 



A\R)^A{R)-B{R)^B\R)^ 



(61) 
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In (pTj) . we have made use of the identities: a{L) ■ b{L) = k^{L) ~ and a{R) ■ b{R) = fc_(i?) ~ on 
every link of the lattice. In fact the results ((6T|) were expected because {al^,b^^) and {Al^,B^^) have 
exactly the same SU{3) U(l) ® U{1) transformation properties. 



CM 

a 

z 

+-< 



\ ^J3] B^«[3] 



,B^"[1] 



03 

g 



Figure 7: The SU(3) prepotentials associated with a lattice site n in ci = 2. This is SU(3) generalization 
of Figure © for SU(2). 



4.6 SU(3) gauge invariant states and Mandelstam Constraints 

In this section we construct all possible SU(3) gauge invariant states at a given lattice site using 
prepotential approach. We also discuss the Mandelstam constraints which relate these gauge invariant 
states. The additional U{1) U{1) Gauss law ([55)) can be satisfied by drawing the abelian flux lines 
along the links as is done in Figure [5] As shown in Figure [71 every lattice site in 2d space dimension is 
associated with 2d pairs of quark-anti quark prepotentials {A^^, B^"). Under a gauge transformation 
at site n, all these 2d quark (anti quark) prepotentials transform together as triplet (anti-triplet). 
Therefore, the fundamental SU(3) gauge invariant creation operator vertices at a lattice site n are: 

EE A^[^-B^[j], z^j, (62) 

Al^u^.M = e"^"^"^^l[nK[*2Kfc], (63) 
Bin,,.,,.] = ^PMB^''nj,]B^^^[j2]B^^^[n] (64) 

These vertices are shown in Figure[Hl We have taken i j in ([5^ because La = A"^ [i] • [j] ~ 0, — 
1,2, • • •2(i according to ([T7[) . Also, ^[^1,^2, 43] ^^'^ -^[iij2,i3] completely anti-symmetric in (ii,i2,i3) 
and (ji, ^2, js) indices respectively. The above 

2(-C.) + 2(-C3)^^^^(^^^^il(^ 

3 



18 





(b) 



Figure 8: Graphical representation of the three possible SU(3) gauge invariant L, A, B types of vertices. 
Two simple SU{3) C/(l) ® ?7(1) gauge invariant loop states are also shown. The arrows represent the 
directions of the abelian (non-abelian) fluxes on the links (sites). 



basic SU(3) gauge invariant operators enable us to write the most general SU(3) gauge invariant state 
at a given lattice site as: 



[jlj2j3] = l 



[4112131 = 1 



«[33»2J3l 



0). (65) 



In ([S5)) . ^[ij],P[iii2i3]j 'f[jij2j3] 2d(2d-i)(2d+i) T^o\i-\iegdXYve integers describing all possible SU(3) gauge 
invariant states at a given lattice site. The various possible loop states set in pure SU(3) lattice gauge 
theory are direct products of (p5|) at various lattice sites consistent with U{1) ® U{1) Gauss law ([55]) 
along every link. 

As in the loop formulation where various loop states are mutually related by Mandelstam constraints, 
not all states in (j65|) are linearly independent. Infact, in the present SU(3) prepotential formulation 
(like in SU(2) case) the Mandelstam constraints become local and take very simple forms in terms 
of the SU(3) gauge invariant vertices in (|62l63p and ([M)) at every lattice site n. We start with the 
simplest SU(3) Mandelstam constraints: 



A R 

^[jl,j2,i3]^[jl J2 Js] 



{si,S2,S3}6S3 



^333 



(66) 



In (|66p . denotes the permutation group of order 3, {si, S2, S3} denote the 3! permutations of {1, 2, 3} 
and s is the parity of permutation. In other words, the Mandelstam constraints (j66|) state that the A 
and B type vertices annihilate each other in pairs to produce L type vertices. The constraints (j66p are 
illustrated in Figure [HI Therefore, the SU(3) gauge invariant states oi [L — A — B) type in (|65p can 
always be written either as {L—A) type or as (L~B) type at each lattice site. It is interesting to analyze 
the Mandelstam constraints discussed in ^ in terms of SU(3) prepotential operators. Following [4], 
we consider the set of r (r > 3) loops Ci(n), C2(n), • • • , Cr{n) all based at lattice site n. These loops 
start from n in the direction ii, ^2, • ■ ' V and come back to n from directions ji, J2, • ■ ■ jr respectively. 
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Figure 9: The graphical representation of local SU(3) Mandelstam constraints in terms of SU(3) 
gauge invariant vertices A, B and L constructed out of the SU(3) irreducible prepotential operators at 
a lattice site n. The A and B type of vertices at n annihilate each other to produce L type of vertices. 

Then the products of these Wilson loops satisfies: 

E ^"n"^.—..^''^"^''" {W(C,{n)r- (VF(C2(n))"- • • • (W^(a(n))"- ^ 0. (67) 

Using the identities 

(|68p can be written in terms of traces of Wilson loops [31 : 

TrW{Ci)TrW{C2) ■ ■ ■ TrW{Cr) - TrW{CiC2)TrW{Cs.)TrW{CA) ■ ■ ■ TrW{Cr) + ■ • • = 0. (68) 

The Mandelstam constraints (j68p in terms of the link operators represent highly non-local constraints 
as one can always choose the loops Ci, C2, • • • to be as large as one wishes. However, in terms of 
the prepotentials the constraints i68\) become local. All one has to do is to replace the Wilson loops in 
(|68p by the prepotentials which are attached to their starting and end points, i.e,: 

W{Csr^ ^ L"- = St"- Al^^ , s = 1, 2, • • • , r. (69) 

Note that unlike non-local Wilson loop W{Cs), the operators B^^^ and Aj^, and hence L"^' fs.^ are 
completely defined at lattice site n. Noting that Tr (L"^=/3;^) — L[isjs], the non-local Mandelstam 
constraints (p5)) acquire the following simple local form: 

E (-l)"L[,^j-^jL[,2j^j • • • L[»3j„^] = (70) 

and are illustrated in Figure [TUl Note that all the unnecessary details like shapes, sizes and lengths of 
the loops Ci, C2, • • • Cr in Ii68\) disappear in the corresponding prepotential form ( |7Q[ ). 

4.6.1 The solutions 

The Mandelstam constraints in their present local prepotential forms and ((70)1 . instead of non- 
local form ([68)) in terms of link operators, are now accessible to explicit local solutions like in SU(2) 
lattice gauge theory [S]. Note that they are still infinite in number at every lattice site. The solutions 
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Figure 10: The graphical representation of local SU(3) Mandclstam constraints (j70p involving only L 
type of vertices at lattice site n. 

must be all possible mutually independent linear combinations of the states in (I65p at a given lattice 
site. Following the techniques discussed in [lOj in the context of duality transformations in lattice 
gauge theories, these linear combinations can be obtained by characterizing the resultant states at 
a site n by their complete SU(3) quantum numbers with the net SU(3) fluxes being zero. This will 
be SU(3) analogue of SU(2) result ([77]) . The quantum numbers needed to specify such states can be 
easily computed [TU] as follows. In d dimension, there are 2d links emanating from a lattice site n. 
Each of these 2d directions is attached with SU(3) operators (A''' [z] , i?^^ [j] , i — 1,2,- •• ,2d) as shown 
in Figure [71 Therefore, there are 2d Hilbert spaces associated with a lattice site and each can be 
characterized by it's SU(3) quantum numbers. In the standard language [24j, the SU(3) irreducible 
representations are completely specified by 5 quantum numbers: \p, q,i'^ ,iz,y) where p and q are the 
eigenvalues of two SU(3) Casimir operators and i,iz,y are the SU(3) "magnetic" quantum numbers 
representing SU(2) spin, it's third component and hyper charge respectively. In the present language 
with constraints, each of the 2d directions (see Figure [7]) is associated with 6 harmonic oscillators 
{A''\i],B''[i],i = 1,2,--- ,2d) and therefore requires 6 occupation numbers to completely specify the 
basis. The constraints k_ [i] = a[i] ■ b[i] ~ reduces this to 5 in each direction. Therefore 5 x 2d ~ lOd 
quantum numbers are needed to specify a local Hilbert space basis completely at each lattice site. 
Not all these quantum numbers are independent as 2d of these are related to the previous sites by 
U {1)(S^U{1) Gauss law constraints (|33p . Therefore, we are left with 8d quantum numbers at every lattice 
site. Finally, the SU(3) gauge invariance further implies 8 constraints. Therefore, the net independent 
quantum numbers are 8{d—l) per lattice site. As expected, this is the the number of transverse degree 
of freedom of 8 SU(3) gluons in d dimension at every lattice site. The abelian U{1) x U{1) fluxes 
over the links will now glue these local SU(3) invariant orthogonal basis at neighboring lattice sites 
according to their Gauss laws ([55]) . This will give complete solutions of all the SU(3) Mandelstam 
constraints like what what was done in SU(2) lattice gauge theory [8]. Infact, the addition of fluxes in 
SU(3) lattice gauge theory has been discussed in [27 ). These results combined with the results of this 
work should enable us to solve SU(3) Mandelstam constraints completely in terms of vertex operators 
of section (4.6). This explicit construction of all the independent SU(3) loop states and their dynamics 
along the line of [8J is in progress and will be reported elsewhere. 
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5 Summary and discussion 



In this work we analyze SU(3) lattice gauge theory in terms of the prepotential operators which under 
gauge transformations transform like fundamental matter fields. We constructed the SU(3) irreducible 
prepotential operators which acting on strong coupling vacuum directly created the QCD fluxes around 
lattice sites. All SU(3) gauge invariant vertices in terms of these QCD flux operators were constructed 
at every lattice site. These SU(3) invariant vertices, in turn, enabled us to cast all SU(3) Mandelstam 
constraints in their local forms. As mentioned in the text this is an essential step towards their 
complete solution. The complete solution of Mandelstam constraints, in turn, will allow us to write 
down SU(3) lattice gauge theory completely and exactly in terms of minimum essential gauge invariant 
loop and string co-ordinates without any redundant loop/strings degrees of freedom. The prepotential 
operators also allow us to simplify lattice gauge theory Hamiltonian as given in ([T]). In particular, 
for the present SU(3) case, one can simply replace the plaquette or magnetic term TrUpiaquette in ^ 
by a new plaquette interaction consisting of the 4 L type vertices at the 4 corners of every plaquette. 
Note that the new Hamiltonian constructed this was has exactly the same symmetries as ([1]) and 
therefore expected to be in the same universality class. The addition of matter field interactions in the 
prepotential formulation is trivial as matter and prepotential have similar SU(3) gauge transformation 
properties. The difference lies in the abelian C/(l) U{1) transformations under which matter fields 
remain invariant. 

The results in this work can also be generalized to SU(N) lattice gauge theory. We can use SU(N) 
Schwinger bosons or prepotentials to construct SU(N) electric fields on lattice similar to ([TT|) and 
(j28p . We need to elevate these prepotentials so that they have symmetries of SU(N) Young tableaues 
inbuilt. As in section (4.6), the SU(N) Mandelstam constraints will again be local and can be solved 
using the techniques discussed in this work. The work in this direction is in progress and will be 
reported elsewhere. 

Acknowledgment One of the authors (M.M.) would like to thank H. S. Sharatchandra for many 
interesting discussions during the course of this work. 

A The projection operators in Hp'. 

In this appendix we briefly discuss the construction of projection operators which project Tip to Tig 
on every link: 

T {^p}Hnk = {'HpiP = 0)}unk = • (71) 

The group theoretical details of this construction can be found in [22 . It is convenient to flrst break 
up {Wp}j-„j, into Hilbert spaces containing p (q) quarks and q (p) anti-quark prepotentials on the left 
(right): 

CSO 

p,q=0 
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These subspaces {Tipl/jnj, {p, q) are themselves direct products of left and right Hilbert spaces: 

iP^ 1) - {Wp iP^ 1) ® il^P)- (73) 

The basis vectors spanning Ih' },. {p,q),l = L, R are given in terms of left and right flux creation 
operators: 

Li[t:il\0)L ^ at^(L)...al^(L)6tft(L)...&t/3,(L)|0)^, 

and 

R',\t:k\0)R ^ al{R)---al{R)b^'HR)---b^'HRmH 
in We now construct the projection operators Vi{p^ q) in each of these subspaces with 

oo 

®'^l{p, q) ® VBiq,p)- (74) 

p,q=0 

The left and right projection operators Vi{p, q),l = L,R are of the form [21]: 

oo 

VL{p,q) ^ Y.f^r{p,q)(k+{L)Y{k^{L)Y 

r^Q 
oo 

Vn{q,p) ^ Y.f'r{q,P)ik+{R)nk-{R)Y (75) 

The unknown coefficients g and h in (|75|l are fixed by demanding the Sp(2,R) constraints (l44l) : 

k^{L)rL{p,q){n^}^^„,{p,q)^0, k^{R)VR{q,p){H^}^^^^^{q,p)=0. (76) 
The solutions of the equations ([75)) are [22] : 

. X , . ^ (~l)'' b + g+l-^)! 
9AP,q)^h.r{q,p) = — ^p^q^^y^ . (77) 

leading to: 

TLip,q) = ^ ^ ^ 1), E hl^P + g + 1 - 0! (fc+(^))^ (fc-(i-))^ , 



^^^'^'^^ = (p + n + Dl T. -^(P + 9 + 1-0! (fc+(^))^ (fc-(j^))'^ ■ (78) 



(P + 'Z + I)!^ H 

Note that the SU(3) irreducible prepotentials in ([15)) already commute with the Sp(2,R) constraints 
([49p and therefore acting on the strong coupling vacuum directly generate the gauge theory Hilbert 
space Hg. In other words: 

c \q)l - Vl (p, q)L tt::^^^ lo)^, n \^)b,- = rdq, p)r ',\^%A \^)r (79) 

are the relations amongst the SU(3) reducible and irreducible flux operators on the left and right side 
of every link. 
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B The electric field constraints 



Using the A matrix identity: X]a=i (V)/3 (^)cr ~ l^'i^l ^ squares of left and right electric 

fields can be written as: 

Y,ElMEl{n,t) = iV(L)(^^ + l^+Af(L)(^^ + l^- fc+(L)fc4L) + iiV(i)M(^ 

The electric field constraints (O along with the U{\) ® U{\) Gauss law constraints imply: 

k+{L)k^{L) ^ k+{R)k^{R). (80) 

On the other hand, the action of k^k^ on a general Sp(2,R) irrep. \k,m) is given by [21j : 

|fc, m) = (m — fc)(TO + fc — l)|fc, to), (81) 

where, m = k + p. In the present case the electric field constraint (j80p and the eigenvalue equation 
(|8T|) imply: 



{m{L) - k{L)) {m{L) + k{L) - 1) = {m{R) - k{R)) {m{R) + k{R) - 1) . (82) 

As k{L) — k{R) = ^{p + q + 3), we get the unique solution of (|5^ : 

PLin,i) ^ PRin + i,i). (83) 

Therefore, in the prepotential Hilbert space Hp the left and the right Sp(2,R) "magnetic" quantum 
numbers are same on every link. 
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